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Edge channels play a crucial role for electron transport in two-dimensional electron gas under magnetic
field. It is usually thought that ballistic transport along edges occurs only in the quantum regime with low
filling factors. We show that a microwave field can stabilize edge trajectories even in the semiclassical regime
leading to a vanishing longitudinal resistance. This mechanism gives a clear physical interpretation for ob-
served zero-resistance states.
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The experimental observation of microwave induced
zero-resistance states �ZRSs� in high mobility two-
dimensional electron gas �2DEG�1,2 attracted significant ex-
perimental and theoretical interest. Several theoretical expla-
nations have been proposed so far, which rely on scattering
mechanisms inside the bulk of 2DEG. The “displacement”
mechanism originates from the effect of microwaves on dis-
order elastic scattering in the sample,3 while the “inelastic”
mechanism involves inelastic processes that lead to a modi-
fied out-of-equilibrium distribution function.4 Even if these
theories reproduce certain experimental features we believe
that the physical origin of ZRS is still not captured. Indeed,
the above theories naturally generate negative resistance
states but one has to rely on an uncontrolled out-of-
equilibrium compensation of all currents to produce ZRS as
observed in experiments.1,2 Also ZRSs appear in very clean
samples where in the bulk an electron moves like an oscilla-
tor and selection rules allow transitions only between nearby
oscillator states. Hence resonant transitions are possible only
at cyclotron resonance where the ratio j between microwave
frequency � and cyclotron frequency �c is unity. But experi-
ments show that the onset of ZRS occurs also for high j
=� /�c approximately at j=1+1 /4,2+1 /4, . . .. High j reso-
nances could appear due to nonlinear effects, however the
microwave fields are relatively weak giving a ratio � between
oscillating component of electron velocity and Fermi veloc-
ity vF of the order of few percent. Thus in these theories,
high j ZRS can only be explained by assuming the presence
of a short range disorder potential. However the main
sources of elastic scattering in 2DEG are ionized impurities
in the remote doping layer which creates a smooth potential
landscape.5,6

In order to develop a theory valid for smooth disorder, we
note that ZRSs occur when the mean free path le is much
larger than the cyclotron radius rc=vF /�c. In usual 2DEG
samples with lower mobilities this regime corresponds to
strong magnetic fields and quantum Hall effect. In this case it
is known that propagation along sample edges is ballistic and
plays a crucial role in magnetotransport. It leads to quantiza-
tion of the Hall resistance Rxy and to the disappearance of
four terminal resistance Rxx strikingly similar to ZRS.7 This
occurs at low filling factors � when a gap forms in the 2DEG
density of states due to discreetness of Landau levels. In

contrast to that ZRSs appear at ��50 where Landau levels
are smeared out by smooth disorder. Inside the bulk with a
smooth disorder length scale ld�rc the adiabatic and
Kolmogorv-Arnold-Moser �KAM� theorems give an expo-
nential drop of both the diffusion rate and high j microwave
harmonics �exp�−�j−1�ld /rc� at j�1 �see, e.g., Ref. 8�.
Thus in this semiclassical regime, edge trajectories become
dominant for transport. Guiding along sample edges can lead
to a significant decrease of Rxx with magnetic fields giving a
negative magnetoresistance and singularities in Rxy �Refs. 9
and 10� �note that negative magnetoresistance is also ob-
served in ZRS samples1,2,11�. This behavior can be under-
stood theoretically from the transmission probability T be-
tween voltage probes in a Hall bar geometry.10 The drop in
Rxx is linked to increased T, but transmission remains smaller
than unity due to disorder and Rxx remains finite. Recently
this model was extended to understand experimental devia-
tions from Onsager reciprocity relations in samples under
microwave driving.12 But the impact of microwaves on sta-
bility of edge channels was never considered before.

In this Rapid Communication we show that microwave
radiation can stabilize guiding along sample edges leading to
a ballistic transport regime with vanishing Rxx and transmis-
sion exponentially close to unity. It was established experi-
mentally that edge channels are very sensitive to irradiation13

and recent contactless measurements in the ZRS regime did
not show a significant drop of Rxx �Ref. 14� that supports our
edge transport mechanism for ZRS. Our model also relies on
the fact that scattering occurs on small angles in 2DEG.1,15

This contrasts with other ZRS models which do not rely on
specific physical properties of 2DEG.

Since filling factors are large we study classical dynamics
of an electron at the Fermi surface10 propagating along a
sample edge modeled as a specular wall. The motion is de-
scribe by Newton equations,

dv/dt = �c � v + �� cos �t − 	�v�v + Iwall + IS, �1�

where �=eE / �m�vF� describes microwave driving field E,
velocity is measured in units of Fermi velocity vF, and
	�v�=	0��v�2−1� describes relaxation processes to the Fermi
surface. The last two terms account for elastic collisions with
the wall and small angle scattering. Disorder scattering is
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modeled as random rotations of v by small angles in the
interval 
� with Poissonian distribution over microwave pe-
riod. Examples of electron dynamics along the sample edge
for 	0=0 and �=0 are shown in Fig. 1�a�. They show that
even a weak field �=0.1 has strong impact on dynamics
along the edge. A more direct understanding of the dynamics
can be obtained from the Poincaré sections constructed for
the microwave field phase �=�t�mod 2
� and the velocity
component vy �0 at the moment of collision with the wall.
The system �Eq. �1�� has two and half degrees of freedom
and therefore the curves on the section are only approxi-
mately invariant �Fig. 1�b��. The main feature of this figure is
the appearance of a nonlinear resonance. We assume for sim-

plicity that 2DEG is not at cyclotron resonance and polariza-
tion is mainly along y axis. Since Eq. �1� is linear outside the
wall, one can go to the oscillating frame where electron
moves on a circular orbit while the wall oscillates in y with
velocity � sin �t. Hence collisions change vy by twice the
wall velocity. For small collision angles the time between
collisions is �t=2�
−vy� /�c. This yields an approximate
dynamics description in terms of the Chirikov standard map,8

v̄y = vy + 2� sin � + Icc, �̄ = � + 2�
 − v̄y��/�c. �2�

The term Icc=−	cvy +�n describes dissipation and noise and
bars denote values after map iteration �−���n���. Damp-
ing from electron-phonon and electron-electron collisions
contributes to 	c. The Poincaré sections for Eqs. �1� and �2�
are compared in Figs. 1�b� and 1�c� showing that the Chir-
ikov standard map gives a good description for edge dynam-
ics under microwave driving. A phase shift by 2
 does not
change the behavior of map �Eq. �2�� and hence the phase
space structure is periodic in j=� /�c with period unity
which naturally yields high harmonics. The resonance is cen-
tered at vy =
�1−m�c /��, where m is the integer part of
� /�c. The chaos parameter of the map is K=4�� /�c and the
resonance separatrix width �vy =4���c /�. The energy bar-
rier of the resonance is given by Er= ��vy�2 /2=8��c /�.

In presence of weak dissipation the center of resonance
acts as an attractor for trajectories inside the resonance. The
presence of small angle scattering leads to a broadening of
the attractor but trajectories are still trapped inside. If the
center is located near vy =0 particles are easily kicked out
from the edge, transmission T drops, and Rxx increases. On
the other hand, if the resonance width �vy does not touch
vy =0 then orbits trapped inside propagate ballistically with
T→1 and Rxx→0. The trapping is confirmed in Figs. 1�e�
and 1�f� for both models at � /�c=9 /4 with propagating tra-
jectories concentrated inside the resonance, whereas for
� /�c=2 in Fig. 1�d� the region inside the resonance does not
propagate �propagating orbits concentrate on the unstable
separatrix and their number is much smaller�.

In order to compare our theory with experiment we
calculate the transmission T for model �1�. An ensemble of
N=5000 particles is thrown on the wall at x=0 with random
velocity angle. They propagate in positive x direction but due
to noise some trajectories detach from the wall; we consider
that a particle is lost in the bulk when it does not collide with
the wall for time 20
 /�c. These particles do not contribute
to transmission which is defined as the fraction of particles
that reaches x=250vF /�, which can be viewed as a distance
between contacts. For le�rc the billiard model of a Hall
bar10,12 gives Rxx�1−T and a deviation from the classical
Hall conductance �Rxy =Rxy −B /ne�−�1−T�. The four
terminal resistance Rxx�1−T can also be obtained as the
inverse of the four terminal Landauer conductance
Gxx�T / �1−T� with T close to unity.16 The data in Fig. 2
show calculated 1−T and experimental Rxx and �Rxy.

2 One
can see a good agreement between results of model �1� and
experimental data. Both show Rxx peaks at integer j and ze-
ros around j=5 /4,9 /4, . . .. We also reproduce peaks and dips
for “fractional” ZRS around j=3 /2,1 /2.17 Our specular wall
potential is specially suited for the cleaved samples from

FIG. 1. �Color online� �a� Examples of electron trajectories
along sample edge for several values of j=� /�c and y-polarized
field �. �b� Poincaré section of Eq. �1� for � /�c=9 /4 at y polarized
�=0.02. �c� Poincaré section in the same region for the map �2�
giving approximate description of dynamics in �b�. In �a�–�c� dissi-
pation and impurity scattering angle are zero. �d�–�f� Density of
propagating particles on the Poincaré section in presence of noise
and dissipation �red/gray for maximum and blue/black for zero: in
�d� maximal density is concentrated along the curve
vy �0.2 cos2 � /2 and in �e� and �f� minimum is inside oval dashed
curves with the center around vy �0.4, �=0�; black points show
trajectories without noise and dissipation. �d� For � /�c=2 micro-
wave repels particles from the edge, �e� and �f� while for
� /�c=9 /4 particles are trapped inside the nonlinear resonance.
Here �e� 	0=10−3 and �d� and �f� 	c=10−2 and ��5�10−3.
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Ref. 2 where edges should follow crystallographic directions
but peak positions can be shifted for other edge potentials.
We also note that the possibility to observe ZRS on �Rxy was
discussed in Ref. 18. The four terminal resistance
Rxx�1−T can also be obtained as the inverse of the four
terminal Landauer conductance Gxx�T / �1−T� with T close
to unity Finally our data show weak dependence on polariza-
tion axis which supports the Chirikov standard map model.

Model �2� is more accessible to analytical analysis and
numerical simulations. In this model a particle is considered
lost in the bulk as soon as vy �0. The displacement along the
edge between collisions is �x=2vy /�c and an effective “dif-
fusion” along the edge is defined as Dx���= ��x�2 /�t, where
�x is a total displacement along the edge during the compu-
tation time �t	104 /�. In numerical simulations Dx is aver-
aged over 104 particles homogeneously distributed in phase
space. We then assume that Rxx�1 /Dx and present the de-
pendence of the dimensionless ratio Rxx /Rxx��=0� on � /�c
in Fig. 3. The computation of transmission T �shown in Fig.
3, inset� gives similar results but is less convenient for nu-
merical analysis. The dependence on j=� /�c is similar to
those shown in Fig. 2. Both peaks and dips grow with the
increase of microwave field �.

The dependence on � can be understood from the follow-
ing arguments. Due to noise a typical spread square width in
velocity angle during the relaxation time 1 /	c is Ds=�2 /	c.
The resonance square width is ��vy�2=16��c /� and there-
fore the probability to escape from the resonance is

W 	 exp�− ��vy�2/Ds� 	 exp�− A��c/�Ds��� . �3�

Edge transport is ballistic for exponentially small W and
Rxx /Rxx�0�	1−T	W. The above estimate gives the numeri-
cal coefficient A=16 while numerical data presented in Fig.
4 for model �2� give A�12 and confirm dependence �Eq.
�3�� on all model parameters. It holds when edge transport is
stabilized by the presence of the nonlinear resonance which
corresponds to regions around j=5 /4,9 /4, . . .. Deviations

appear when the parameter K=4�� /�c approaches the
chaos border K�1 and trapping is weakened by chaos. The
numerical data for model �1� based on transmission
computation confirm the scaling dependence
log10 Rxx /Rxx�0��−�c� /� as shown in Fig. 4. This depen-
dence holds also for other models of dissipation in Eqs. �1�
and �2�. It is consistent with the power dependence measured
in Ref. 1. A detailed analysis of the power dependence may
be complicated due to heating and out-of-equilibrium effects
at strong power, but the global exponential decay of Rxx with
power was confirmed in Ref. 18.

The billiard model used in our studies focuses on dynam-
ics of an electron on the Fermi surface which corresponds to
a zero temperature limit. In order to include the effect of
temperature Te one needs to account for the thermal smear-
ing of the electrons around the Fermi surface. The relaxation
rate to the Fermi surface that we introduced in our model is
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FIG. 2. �Color online� Top panel: dependence of Rxx and −�Rxy

�in arbitrary units� on � /�c from Ref. 2. �Rxy is obtained from
measured Hall resistance by subtracting a linear fit to Rxy. Bottom
panel: calculated transmission along sample edge for three micro-
wave polarization axes. Microwave field is �=0.05, relaxation
	0=10−3, and noise amplitude �=3�10−3. Transmission without
microwaves is T�0.95.
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FIG. 3. �Color online� Dependence of rescaled Rxx in model �2�
on � /�c for microwave fields �=0.00375, 0.0075, 0.015, 0.03, and
0.06 �curves from top to bottom at j=� /�c=4.5�; 	c=0.01,
�=0.03. Average is done over 104 particles and 5000 map itera-
tions. The inset shows transmission probability T at distance x along
the edge for �=0.02 �red/gray is for maximum and blue/black for
zero, 0�x�103vF /��.
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FIG. 4. �Color online� Dependence of rescaled Rxx on rescaled
microwave field � for models �1� �left� and �2� �right�. Left: param-
eters as in Fig. 2 and � is varied. Right: 	=0.01, �=0.02 �full
curves�, 	=0.01, �=0.03 �dashed curves�, �=0.03, �=0.02 �dotted
curves�, and the straight line shows theory �Eq. �3�� with A=12.5;
symbols are shifted for clarity and �s=�Ds /�c. Logarithms are
decimal.
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also likely to depend on temperature. This makes rigorous
analysis of temperature dependence challenging. A simple
estimate can be obtained in the frame of Arrhenius law with
activation energy equals the energy height of the nonlinear
resonance Er=16��cEF /�, where EF is the Fermi energy.
This dependence appears as an additional damping factor in
ZRS amplitude in a way similar to temperature dependence
of Shubnikov–de Hass oscillations leading to

Rxx � exp�− A��c/�Ds���exp�− 16��cEF/�Te� . �4�

Our prediction on activation energy Er is in a good agree-
ment with experimental data and reproduces the proportion-
ality dependence on magnetic field observed in Refs. 1 and
2. For a typical �=0.01 we obtain Er	20 K at j=1. The
proposed mechanism can find applications for microwave
induced stabilization of ballistic transport in magnetically
confined quantum wires.19

In summary we have shown that microwave radiation can
stabilize edge trajectories against small angle disorder scat-
tering. For propagating edge channels a microwave field cre-
ates a nonlinear resonance well described by the Chirikov
standard map. Dissipative processes lead to trapping of par-
ticle inside the resonance. Depending on the position of the
resonance center with respect to the edge the channeling of

particles can be enhanced or weakened providing a physical
explanation of ZRS dependence on the ratio between micro-
wave and cyclotron frequencies. In the trapping case trans-
mission along the edges is exponentially close to unity, natu-
rally leading to an exponential drop in Rxx with microwave
power. Our theory also explains the appearance of large en-
ergy scale in temperature dependence of ZRS. A complete
theory should perform a microscopic treatment of dissipation
and take into account quantum effects since about ten Lan-
dau levels are typically captured inside the resonance.

Recently, an experiment20 showed that in short ZRS
samples the maxima of Rxx persist but the minima are
washed out. This fits well our theory where maxima appear
after the short time of one rotation around the nonlinear reso-
nance while minima are established after the long relaxation
time of orbits trapped inside the resonance �see Fig. 3, inset�.
Also experiments with electrons on liquid helium surface21

show ZRS-like oscillations supporting the classical origin of
the effect with smooth disorder as discussed here.
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